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Hypothesis: The shape of the ‘‘freezing tip” formed by the crystallization of water droplets demonstrated
remarkable universality - no dependence on the cooling rate and physico-chemical properties of the sub-
strate has been observed. At the same time, the spatial orientation of the freezing cone may be varied. We
hypothesized that the orientation of the freezing tip is determined by the direction of heat flux at the base
of the sessile droplet. This direction is expected to be changed when the substrate with a low thermal
diffusivity is not cooled uniformly.
Experiments: We studied the freezing of water droplets placed on the inclined surface of wedges made
from a variety of materials (polymers: Polymethylmethacrylate, Polytetrafluoroethylene, Polyurethane
and metal: Titanium), which were cooled from below. The shape of the frozen droplets was controlled
in situ.
Computations: The computational model was suggested for the transient temperature field in the poly-
mer wedge to determine a time variation of the local heat flux under the droplets. A comparison of
numerical results and the measurements enabled us to confirm the aforementioned hypothesis relating
the orientation of the freezing tips to the direction of the heat flux.
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Findings: It was established that the orientation of the freezing cone axis depends on the location of the
frozen droplet on the inclined surface of the wedge. Calculations of the transient temperature field of the
wedge confirmed our hypothesis about the physical reason of the various spatial orientations of the
freezing cones.

� 2022 Elsevier Inc. All rights reserved.
Table 1
Physical properties of the substrates.

Material Thermal diffusivity, j, 10�6 m2/s Apparent contact angle, h�

PMMA 0.11 70 ± 5
PTFE 0.11 85 ± 5
PU 0.09 75 ± 5
Ti 9.3 65 ± 5
1. Introduction

The study of icing problems is rather important and most chal-
lenging from both a fundamental and an engineering point of view
[1–8]. Ice formation plays an important role in the operation of
power lines, aircrafts, wind turbines and solar panels [1–6]. The
freezing of a water droplet on a solid surface is a complex, multi-
step process involving various thermo-physical and interfacial
phenomena [9–14] including heat transfer [10], phase transitions
[10], behavior of dissolved gases [13,14], and contact angle hys-
teresis [11]. In particular, it was found that the time scale inherent
for the delay in ice formation has a clear correlation with contact
angle hysteresis [11].

At the final stage of freezing, the formation of the so-called
‘‘freezing tip” was observed in numerous studies [15–21]. The for-
mation of the freezing tip singularity is a fascinating counterintu-
itive phenomenon. Sharp, pointy singularities occur rarely due to
their high energy concentration. The freezing tip shape demon-
strates surprising insensitivity to the freezing conditions [15–20].
The opening angle of the freezing tip is not sensitive to the volume
of the droplet, temperature of the substrate and velocity of cooling
[15–18]. It has been recently demonstrated that the frozen droplets
containing nanosuspensions exhibit a flat plateau shape (instead of
a ‘‘freezing tip”) and such a plateau gets larger with increasing par-
ticle concentrations [21]. Transition from the freezing tip to pla-
teau shape was also observed for nanofluid droplets placed on
the superhydrophobic surfaces [22].

It was also shown that the shape of a freezing water droplet can
be sensitive to the presence of impurities [20]. In addition, it has
been demonstrated that the formation of a freezing tip is inherent
not only for water droplets but also for the so-called liquid mar-
bles, namely droplets coated with colloidal particles [23,24]. The
mechanism of formation of the freezing tip remains largely myste-
rious. In our recent study, we addressed the freezing of water dro-
plets in different configurations, including ‘‘upward” droplets,
droplets placed on an inclined plane and droplets placed on
greased surfaces [25]. Our research strengthens the idea that the
shape of the freezing tip is of a universal nature, only slightly
depends on the freezing rate, gravity, the velocity of evaporation,
the interfacial properties and spatial orientation of the supporting
substrates, and on the surface tension of the frozen liquid [25]. The
present study demonstrates that the orientation of the freezing tip
follows the temperature gradient (or heat flux direction) in the
cooled water droplet. We demonstrate this for the droplets frozen
on the inclined surface of a wedge of low thermal diffusivity mate-
rial while cooling the horizontal bottom surface of the wedge. The
reported research on the droplet freezing mechanism and shape
evolution may contribute to the understanding of aircraft and wind
turbine icing, which is crucially important for engineering.

1.1. Materials

The following materials were used to manufacture the wedges:

1) Polymethylmethacrylate (abbreviated PMMA), CAS: 9011-
14-7; supplied by Jumei Acrylic Manufacturing Co. Ltd.
China.
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2) Polytetrafluoroethylene (abbreviated PTFE), CAS: 9002-84-
0; supplied by Wuxi Xiangjian PTFE Product Co. Ltd. China.

3) Polyurethane (abbreviated PU), CAS: 67700-43-0; supplied
by Jiujiang Autai Rubber & Plastic Co. Ltd. China.

4) Titanium plates, supplied by Shaanxi Yunzhong Metal Tech-
nology Co. Ltd. China.

Physical properties of the substrates are summarized in Table 1.
Bi-distilled water was used for the droplets. Bi-distilled water

was obtained using a bi-distillator GFL-2102, GFL, Germany. Speci-
fic electric resistivity of water was q ¼ 17:8� 0:5MX� cm as
established at the temperature of t = 25 �C.
1.2. Methods

Small water droplets (V = 10�0:1 ll) were placed on the surface
of the wedge using a precision micro-syringe. The geometric
dimensions of the wedge, its location on the cooled metal plate
and location of droplets are shown in Fig. 1.

The crystallization of water droplets was observed at two differ-
ent points on the wedge surface, namely: at distances of 7.5 mm
and 15 mm from the edge (see Fig. 1). As the distance from the
sharp edge of the wedge increased, the droplet distance to the
cooled surface also increased. The contact angles were measured
using a laboratory goniometer (CRUSS DSA-100, GmbH) with the
software CRUSS ADVANCE. Change in the droplet shape during
its cooling and crystallization was monitored in situ with the digi-
tal video camera with a resolution of 1920 � 1200 pixel. Experi-
ments were repeated five times; the results demonstrated
satisfactory reproducibility.
1.3. Freezing of water droplets and temperature measurements

Cooling of the metal plate under the wedge was performed with
the thermo-electric modulus with a power of W = 95 W enabling
the maximal temperature change of 84 �C. The cooling rate was
20 ± 1 K/min. The surface temperature of the plate was controlled
with the dual laser infrared sensor and the K-type thermocouple.
Initial temperature and relative humidity (RH) in the experimental
cell were set as T = 25 ± 0.5 �C and RH = 40 ± 1 %.

The testing was carried out with the experimental cell. The tem-
perature control within the cooled working cell was carried out
with three thermocouples: the first one measured the surface tem-
perature of the cold plate, the second thermocouple measured the
surface temperature of the wedge at the distance of 7.5 mm from
the edge, and the third one – at the distance of 15 mm from the
edge. Geometrical parameters of the cell are presented in Fig. 2.



Fig. 1. Arrangement of a polymer wedge and water droplets on the surface of a cooled plate is schematically shown.

Fig. 2. Schematic representation of a thermally insulated cell is presented.
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2. Experimental results

Water droplets were placed on the wedge made from various
materials, as shown in Figs. 1,2 and frozen as described in Sections
1.2–1.3. Ice nucleation started from the solid/liquid interface as
discussed in detail in refs. 24–25. The crystallization front propa-
gated from the base (contact area) of the droplet towards its apex
[24–25]. Typical freezing tip of the droplet, studied in refs. 7–14
was registered in all the experiments, as depicted in Fig. 3. Spatial
orientation of the freezing tip (cone) was quantified by angle a
formed by the normal to the surface and the axis of symmetry of
the freezing tip, as shown in Fig. 4. The opening angle of the freez-
ing tip was measured. The important methodological problem
related to the experimental establishment of the opening angle
should be pointed out and discussed. In principle, two different
contact angles denoted e1 and e2, inherent for the presented exper-
imental situation should be distinguished as shown in Fig. 3,
namely: e1 is the opening angle formed by the freezing cone itself,
whereas e2 is formed by the tangent to the droplet surface built
from the apex of the droplet, as depicted in Fig. 3.

The aforementioned angles varied within the ranges
115� 10< e1 < 126� 10 and 125� 10< e2 < 140� 10 as shown
in Fig. 3. The angle e2 arises from the distortion of the droplet itself
and may be easily mixed with the ‘‘true” opening angle of the
freezing cone e1, thus, giving rise to misinterpretation of the exper-
imental results. The measured in our experiments opening angle of
the freezing tip e1 was slightly lower than that reported in refs. 15–
19. The possible reason for this is the aforementioned difficulty in
experimental distinction between the angles e1 and e2. Both of
angles e1 and e2slightly decreased with the increase in the distance
from the wedge bottom, as depicted in Fig. 3. One recognizes that
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the drop situated further from the edge exhibited the opening
angle of the freezing cone closer to the universally observed values
in [15–19]. This observation can be presumably attributed to lower
freezing time available for the drop close to the edge. The depen-
dence is rather weak, and more or less compatible with observa-
tions in the aforementioned papers.

We conclude that the opening contact angle of the freezing cone
e1 is confined within the narrow range for the substrates possess-
ing very different thermal properties. Interfacial properties of the
substrates quantified with the apparent contact angle h are sum-
marized in Table 1. Wettability of the studied surfaces was varied
in a broad range, namely: 65� 50 < h < 85� 50 (the large scatter-
ing of the contact angles is due to the contact angle hysteresis
inevitable for droplets placed on the inclined surface [26–28]).
Experimental findings evidence no influence of the apparent con-
tact angle on the value of the opening angle of the freezing tip
e1; thus, the supporting the idea of the universal mechanism of
its formation, suggested in refs. 15–19. At the same time, the wet-
ting properties of the wedge influenced the spatial orientation of
the freezing tip, quantified by angle a (see Fig. 4) to be discussed
below.

The acute angle of the wedge was equal b ¼ 11:3þ 0:1
�
as

depicted in Figs. 1–4. Two droplets were placed at different dis-
tances from the edge as shown in Figs. 1,2, and the resulting differ-
ence in the inclination angles of the freezing tips were recorded
(see Fig. 4). The inclination angle a varied in a broad range of
0:8

� � 0:1 < a < 19
� � 1. In other words, the axis of the freezing

tip does not coincide with the normal to the wedge surface. The
physical meaning of this observation is discussed below.

We attribute the change in the tilt angle of the freezing cone to
the change in the temperature gradient due to the low thermal
conductivity of the wedge material. The change in the temperature
gradient emerges from the growth in the thickness of the wedge
taking place with increasing distance from the edge. Orientation
of the ice cone at the final stage of crystallization allows one to
assume the change in the direction of the temperature gradient.
Obviously, the thermal diffusivity of the wedge material affects
the local temperature gradients. The results obtained indicate that
a decrease in the thermal diffusivity of the material (from Fig. 4A to
Fig. 4B and 4C) leads to the corresponding increase in both the
absolute value and direction of the temperature gradient. Note that
the direction of the heat flux in an isotropic medium is opposite to
the direction of the temperature gradient.

The wetting characteristics of the surface should be also taken
into account. Although the thermal diffusivity of PTFE is almost
the same as that of PMMA, the shift in the temperature gradient
was less pronounced on PTFE, presumably due to the higher wet-
ting angle (Fig. 4). Comparing the results with the droplet crystal-
lization on the titanium surface, we can see that the temperature
gradient on titanium substrates shifts in the direction normal to
the surface (Fig. 5). Due to the high thermal diffusivity of titanium



Fig. 3. Shapes and angles of the droplets frozen on different substrates are depicted. Angles e1 are e2 are depicted.
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compared to polymers, the direction of the temperature gradient at
the base of the droplet practically coincides with the direction of
the normal to the wedge surface regardless of the droplet position
(see Fig. 5).

3. Discussion

3.1. Qualitative analysis of the problem of water freezing

Let us start from the analysis of the dimensionless numbers rel-
evant to the reported experimental situation. The Bond number,
describing the interrelation between gravity and interfacial phe-
nomena is supplied by Eq. (1):

Bo ¼ qgR2

c
ð1Þ

where q and c are the density and surface tension of water corre-
spondingly and the R is the characteristic dimension of a droplet.
Assuming q ¼ 103 kg

m3 ; c ffi 71� 10�3 J
m2 and R ffi 2:5mm yields esti-

mation Bo ffi 1. In other terms, the effects of gravity and interfacial
tension are comparable.

WW
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W ¼ Esurf

Ebulk
ffi 2pcR2

cpq 2
3pR

3DT
¼ 3c

cpqRDT
ð2Þ

where Esurf ffi 2pcR2 is a rough estimation of the surface energy of a

droplet seen a hemisphere, Ebulk ffi cp 2
3qpR

3DT is the heat necessary

for cooling the droplet, where cp ffi 4186 J
kg�K is the specific heat

capacity of water and DT ffi 20K is the temperature difference in
the freezing droplet. Substituting of the aforementioned values of
physical parameters in Eq. (2) yields the value ofW ffi 2:0� 10�6;
this means that the bulk effects due to freezing dominate the effects
due to the gravity and surface tension.
3.2. Calculations of temperature field in the polymer wedge

The temperature measurements at two points on the cold plate
surface confirmed that the plate under the wedge can be consid-
ered isothermal. The calculations did not take into account the
effect of the finite width of the wedge and considered the temper-
ature field in the symmetry plane of the wedge, where the temper-
ature measurements were carried out. The influence of the
droplets on the wedge temperature field is negligible even near
the droplets and was not considered in the calculations.



Fig. 4. Crystallization of water droplets on the surface of polymer wedges: (A) PTFE; (B) PMMA; (C) PU (red line is the normal to the wedge surface). ais the angle of
inclination of the freezing tip axis relative to the normal to the surface; b is the wedge angle. Temperature gradient lines are qualitatively shown in blue. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Water droplet crystallization on the wedge made of titanium (red line
depicts the normal to the inclined surface). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Temperature of the inclined wedge surface: T1 – at the top of the wedge, T2 –
in the middle of the surface, T3 – at the maximum distance from the top of the
wedge.
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In this section, we will look at the most interesting case, when
the wedge is made of dense polyurethane, which has the lowest
thermal conductivity. The results of measurements of the temper-
ature of the inclined wedge surface in the symmetry plane are
shown in Fig. 6. It can be seen that the cooling lag between the cen-
tral point of the wedge surface (T2) and the cold plate temperature
183
(T1) increases from the beginning of the process, reaching a maxi-
mum after about 30–40 s, and then decreases. The quasi-steady
thermal regime with an almost linear temperature profile along
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the inclined surface of the wedge occurs about two minutes after
the start of cooling. Note that the temperature of the upper point
of the wedge surface (T3) is slightly above 0 �C even at t = 190 s.
Therefore, experiments with freezing of water droplets can be per-
formed only at some distance from the upper point. The following
simple interpolation was used for the temperature of the inclined
surface of the wedge:

T t; s
�� �

¼ T1 tð Þ þ A tð Þ s�þB tð Þs�2; s
� ¼ s=smax; 0 � s � smax ð3aÞ

A tð Þ ¼ 4T2 tð Þ � 3T1 tð Þ � T3 tð Þ; B ¼ 2 T3 tð Þ � 2T2 tð Þ þ T1 tð Þð Þ ð3bÞ

where s is the distance from the top of the wedge, smax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 þ H2

p
,

L is the length of the horizonal side of the wedge, H is the wedge
height.

When calculating the temperature field, T t; x; yð Þ, in the symme-
try plane of the polymer wedge, it was assumed that the thermo-
physical properties of the polymer are independent of the
temperature. The following transient equation of heat conduction
was solved:

1
j

@T
@t

¼ @2T
@x2

þ @2T
@y2

ð4Þ

where j is the thermal diffusivity of the polymer, x is the horizontal
coordinate measured from the top of the wedge, y is the vertical
coordinate measured from the same point. On all surfaces of the
wedge a boundary condition of the first kind can be set: on the hor-
izontal surface – the known temperature of the metal plate, on the
inclined surface – the interpolation of the measured temperatures
(3a,b), on the vertical surface – the following linear interpolation:
Fig. 7. Calculated temperature fi
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T t; L; yð Þ ¼ T1 tð Þ þ T3 tð Þ � T1 tð Þð Þ y
H

ð5Þ

The non-uniform initial temperature was set as follows:
T 0; x; yð Þ ¼ T1 0ð Þ þ T3 0ð Þ � T1 0ð Þð Þ xy
LH

ð6Þ

The conduction problem was solved using a purely implicit
finite-difference scheme of second order approximation on an
orthogonal grid with splitting the differential operator in the
right-hand side of Eq. (4) into two parts and alternating numerical
solutions along the grid lines in the horizontal and vertical direc-
tions [29]. A computer program developed by one of the authors
was used in the calculations. The peculiarity of the computational
region at the top of the wedge was avoided by removing a small
segment x < xmin ¼ L=20 and setting a boundary condition of the
first kind on the surface x ¼ xmin. This boundary condition was for-
mulated similarly to the condition on the vertical surface x ¼ L. A
rectangular grid with 200 intervals in the vertical direction and
190 intervals in the horizontal direction was used. The minimum
time integration step was 0.01 s. Without focusing on the finite-
difference approximation, we note that similar algorithms of
numerical solution have been used in recent works [24,30,31].

Fig. 7 shows the calculated temperature fields at different
moments of time. For cooling and solidification of two water dro-
plets shown schematically in Fig. 7, the most interesting are the
numerical data at t ¼ 1 min, when the lower drop is already freez-
ing and the upper drop has not yet started to freeze. At t ¼ 30 s
both droplets are only cooled to different degrees but not yet solid-
ified, and at t ¼ 2 min the upper droplet solidifies as well. It is
interesting that at t ¼ 1 min the directions of the heat flux below
elds in the polymer wedge.
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the lower and the upper droplets differ significantly, which
explains the different orientation of the ice cones formed on the
droplet surface at the completion of their crystallization.

Thus, we conclude that the axis of the freezing cone follows the
direction of the temperature gradient imposed on the cooled dro-
plet, which in turn governs, the direction of the crystallization
front within the droplet [15–17].
4. Conclusions

Freezing of droplets, placed on the cooled surfaces gives rise to
the effects, which are very different from those observed for ‘‘free
frozen droplets” suspended in atmosphere [32]. One of these
effects is the formation of the so-called freezing cone (or freezing
tip), which was subjected to intensive experimental and theoreti-
cal research recently [15–19]. We investigated freezing of water
droplets placed on the inclined surface of a wedge with a cooled
lower horizontal bottom surface. The experiments with very differ-
ent materials of the wedge (including polymers and metal) were
conducted. In all cases, the shape of the droplets was continuously
monitored during their freezing. The opening angle of the freezing
tip turned out to be independent of the interfacial and thermal
properties of the substrate material; thus, supporting the universal
mechanism of formation of the freezing cone, introduced in refs.
15–19. Note that, this angle decreases slightly with the distance
from the polymer wedge bottom.

We hypothesized that the orientation of the freezing tip is con-
trolled by the direction of heat flux at the base of the sessile dro-
plet. This was confirmed in a series of laboratory experiments.
Various spatial orientations of the freezing tip of the droplets on
the polymer wedge were obtained for the first time. This result
was explained using the numerical modeling of the transient tem-
perature field in the wedge. As one might expect, the freezing tip
orientation is determined by the direction of heat flux (or temper-
ature gradient) at the contact surface of the droplet, which in turn
governs the orientation of the crystallization front within a cooled
droplet. The axis of the freezing cone approaches to the wedge nor-
mal with the increase in the thermal diffusivity of the substrate. In
particular, for the titanium wedge the freezing tip is on the normal
to the wedge surface. On the contrary, for the polyurethane wedges
the angles between the normal to the wedge surface and the axis of
the cone as high as 19� 0:1

�
were registered. We conclude, that

the spatial orientation of the freezing cone is governed to a much
extent by the direction of the temperature gradient on the contact
surface of the sessile water droplet. It should also be emphasized
that the wetting properties of the wedge material, quantified by
the apparent contact angle and contact angle hysteresis [26–28],
influence the spatial orientation of the freezing tip. Thus, we
demonstrate that the contact angle hysteresis impacts not only
the time delay of icing, as shown in ref. 11, but also influences
the formation of the freezing tip. In our future investigations we
plan to study formation of the freezing shapes of droplets contain-
ing water-soluble polymers and colloidal systems.
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