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a b s t r a c t

A novel heating strategy based on laser irradiation of surrounding tissues as an alternative to direct irra-
diation of superficial tumors is proposed and analyzed for the first time. The computational analysis is
based on two-dimensional axisymmetric models for both radiative transfer and transient heat transfer
in the human body. A diffuse component of the radiation field is calculated using P1 approximation. Cou-
pled transient energy equations and kinetic equations for composite human tissue take into account the
metabolic heat generation and heat conduction, blood perfusion through capillaries, the volumetric heat
transfer between arterial blood and tissue, the thermal conversions in blood and tumor tissue, the peri-
odic laser heating, and also heat exchange between a human body and ambient medium. An example
problem for a superficial human cancer has been solved numerically to illustrate the relative role of
the problem parameters on the transient temperature field during hyperthermia treatment. In particular,
the effect of embedded gold nanoshells which strongly absorb the laser radiation is analyzed. It is shown
that required parameters of tumor hyperthermia can be also reached without gold nanoshells.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The use of laser light directly or via minimally invasive fiber
optics for induced thermal treatment (hyperthermia) of tumors is
one of the present-day tools to fight cancer [1–3]. Normal human
tissues are highly scattering but weakly absorbing media in the
wavelength range from about 0.6 to 1.4 lm providing a ‘‘therapeu-
tic window’’. The absorption of laser light leading to a targeted
heating of the tumor cells can be greatly increased by embedding
silver or gold nanoparticles in the tumor. These nano-sized noble
metal particles are characterized by strong resonance absorption
and relatively weak scattering in the therapeutic window. Particu-
larly, one can choose geometrical parameters of silica-core gold
nanoshells to make these particles very good absorbers for the
light of a widely used helium–neon laser of wavelength 0.6328 lm.

Thermal therapy of targeted cancer cells with the use of embed-
ded gold nanoparticles is a promising new weapon in the battle
against cancer, especially at the initial stage of the disease. A com-
bination of hyperthermia with radiotherapy and chemotherapy has
been shown to be effective in prolonging the survival of cancer pa-
tients. Many studies have been published on different aspects of
the complicated and multi-faceted problem of thermal therapy.

Theoretical studies have focused particularly on resonance optical
properties of various gold nanoparticles in the visible and near
infrared spectral ranges, modeling of propagation of laser radiation
in human tissues with embedded nanoparticles, and developing of
specific heat transfer models taking into account heat conduction,
blood perfusion, metabolic heat generation, and radiative power
absorbed in the processed tissues. A reader is directed to recent
key publications [4–8] to learn about the state-of-the-art in this re-
search field.

Prolonged direct heating of the tumor may lead to an unfavor-
able protective reaction of the thermal regulation system with an
increase in blood perfusion near the tumor and release of heat
shock proteins which are suggested to play a role in the process
of thermotolerance [9]. Periodic heating with a single heating
duration of about 10–15 s as suggested in [10] is a potential solu-
tion to decrease the blood flow variation but this remains to be
proven.

A more radical change in the heating strategy proposed in the
present paper is the use of indirect heating when the tumor is
not subject to collimated laser radiation. One can consider two ap-
proaches in this indirect strategy:

1. The absorbing gold nanoparticles are embedded not in the
tumor but in a circular region around the tumor. Laser heating
of these particles leads to formation of a hot ring in the healthy
tissue and the accumulated heat is conducted from all sides into
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the tumor. If the relative volume of the tumor is smaller than
the volume of the hot ring, one can find a significant increase
in the tumor temperature during the pause in periodic laser
irradiation. Note that it may be difficult to supply gold nanopar-
ticles in the circular region and control their distribution. This
problem is of the rationale for the second approach or indirect
strategy.

2. The laser irradiation of a circular region around the tumor is the
same but there are no gold nanoparticles embedded in the tis-
sue. In this case, the radiation is only partially absorbed in the
circular volume of the body. The remaining part of this radia-
tion is scattered in all directions and it is absorbed mainly in
the tumor because of the higher absorption coefficient of the
tumor tissue. This method is based on the relatively weak
absorption of scattering human tissues in the therapeutic
window.

When the heat front reaches the tumor boundary, the hypoxia
effects are starting to play important role. A combination of the
above approaches using a low volume fraction of gold nanoparti-
cles may be a reasonable choice. In particular, one can place gold
nanoparticles at the tumor periphery to increase the local absorp-
tion of laser radiation scattered by a surrounding healthy tissue.
Note that relative contribution of scattered radiation to the radia-
tive heating of the tumor may be insignificant in two limiting
cases: at very low and very high scattering of ambient tissues.
So, one should examine if this effect is really important for the par-
ticular problem under consideration.

It is important that the use of the above described indirect strat-
egy may be and should be combined with water cooling of the

irradiated body surface where highly sensitive pain receptors are
very close to the body surface. This surface cooling is expected to
decrease significantly the pain accompanied strong heating of a
very thin surface layer in the case of the direct laser treatment. This
more comfortable indirect heating may permit a more prolonged
treatment of the tumor leading to a better soft hyperthermia
regime.

Obviously, the simplified one-dimensional models of laser-
induced hyperthermia [10,11] are not appropriate for the compu-
tational analysis of the indirect heating strategy. Therefore, the
main objective of the present paper is to develop a more sophisti-
cated two-dimensional model taking into account the realistic
shape of a superficial tumor, blood perfusion through capillaries,
the volumetric heat transfer between arterial blood and tissue,
and also thermal conversions in venous blood and tumor tissue
during hyperthermia. Another objective of the present study is to
analyze numerically the advantages and possible drawbacks of
the indirect heating strategy with or without embedded gold nano-
shells. As this is a very complex problem, it is important to inves-
tigate the relative contribution of different physical processes and
their parameters to the resulting characteristics of thermal degen-
eration of tumor cells. This experience can be used to simplify the
computational model and avoid detailed modeling of the processes
which appear not to be of great importance.

In contrast to [10,11], we analyze not only the absorbed radia-
tion power and temperature field but consider also a degree of
thermal conversions in both venous blood and ambient tissue. This
makes the computational results much closer to medical practice
because the desirable effect cannot be described correctly in the
terms of either the maximum temperature or the absorbed energy.

Nomenclature

a particle radius
A Arrhenius’ constant
c specific heat capacity
C coefficient introduced by Eq. (9)
D radiation diffusion coefficient
E function introduced by Eq. (9), activation energy
fv volume fraction of particles
F, G functions introduced by Eq. (17)
h heat transfer coefficient
I radiation intensity
J diffuse radiation intensity
k thermal conductivity
L thermal effect of chemical conversion
n index of refraction
N chemical reaction order
q heat flux, radiative flux
Q efficiency factor
r radial coordinate
~r spatial coordinate
R reflectivity
t time
T temperature
u velocity
v perfusion rate
W power
x diffraction parameter
z coordinate across the layer

Greek symbols
a absorption coefficient
b extinction coefficient
c coefficient introduced by Eq. (17)

d relative radius of the particle core
e volume fraction of blood
k wavelength
l cosine of an angle
�l asymmetry factor of scattering
n degree of thermal conversions
q density
r scattering coefficient
s optical thickness
U scattering phase function
x scattering albedo
~X unit vector of direction

Subscripts and superscripts
a absorption, arterial blood
b blood
c cooling
ch chemical
e external
f Fresnel’s
h heating
i initial
m metabolic
n normal
r radiative
s scattering
t tissue
tr transport
v venous blood
w water
z in z-direction
k spectral
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The latter statement seems to be obvious. Nevertheless, most of
authors of medical papers are convinced that the single important
factor is the treatment temperature whereas there are strong
opposing opinions, which declare that the delivered heat (absorbed
energy) is of primary importance. These two approaches are dis-
cussed in some detail by Szasz et al. [12] (see also [13]), where
one can also find useful references.

It is known that few measurable effects are observed below
42 oC and the first mechanism by which biological tissue is ther-
mally affected can be attributed to some molecular changes [14].
These effects, accompanied by bond destruction and membrane
alterations, are summarized in the term hyperthermia in the range
from about 42 to 50 oC. If such a hyperthermia lasts for several
minutes, a significant percentage of the cancerous tissue will un-
dergo necrosis [14]. The thermal problem of hyperthermia is con-
sidered by taking into account the kinetics of the cell destruction
processes as described by the Arrhenius-type equations. Of course,
the Arrhenius equation parameters for blood and tissue are differ-
ent. Moreover, one should use different parameters in different
temperature ranges for every substance or include several terms
in the kinetic equation to take into account a set of various degra-
dation processes.

Complete calculations for a model problem with realistic
parameters of human tissues are given in the paper. It should be
emphasized that the model developed cannot include all processes
which may be important at some specific conditions. We avoid also
overloading of the model by accounting for some insignificant de-
tails. Nevertheless, we believe that the presented example problem
is much closer to the current medical practice than a simplified
one-dimensional problem considered in our recent paper [10].

2. Radiative transfer modeling

In our study, we employed a continuum approach to model the
radiative transfer in a complex medium containing scattering (and
weakly absorbing) tissue and absorbing (and weakly scattering)
nanoparticles. The so-called radiative transfer equation (RTE) is
considered in the traditional continuum theory. In the case of a
negligible emission of the radiation by a scattering and absorbing
medium, the RTE for randomly polarized radiation can be written
as follows [15–17]:

~XrIkð~r; ~XÞ þ bkIkð~r; ~XÞ ¼
rk

4p

Z
ð4pÞ

Ikð~r; ~X0ÞUkð~X0~XÞd~X0 ð1Þ

The physical meaning of Eq. (1) is evident: variation of the spectral
radiation intensity in direction ~X takes place due to extinction by
absorption and by scattering in other directions, as well as due to
scattering from other directions (the integral term). The absorption
coefficient, ak, the scattering coefficient, rk, and scattering phase
function, Uk, depend on the coordinate ~r. For simplicity, Eq. (1) is
written for the case of an isotropic medium when the coefficients
of RTE do not depend on direction. One can also consider a general
case of anisotropic medium but this is not so important for optically
thick highly scattering tissues [15,18].

A complete and accurate solution to the RTE in scattering media
is a very complicated task because of the integral term in the right-
hand side of the RTE. One can find many studies in the literature on
specific numerical methods developed to obtain more and more
accurate spatial and angular characteristics of the radiation inten-
sity field. Several modifications of the discrete ordinates method
(DOM) and statistical Monte Carlo (MC) methods are the most
common tools employed by many authors [15–17]. As to the ap-
plied problem under consideration, one can refer to recent papers
by Fasano et al. [19] and Banerjee and Sharma [20] where the MC
method is used in biomedical applications.

To avoid additional mathematical complexity, we prefer to use
a simplified approach to the problem and focus on analysis of the
interaction of physical processes. The specific problem statement
makes possible the use of the well-known transport approximation
for the scattering phase function [15]. According to this approxi-
mation, the scattering phase function is replaced by a sum of the
isotropic component and the term describing the peak of forward
scattering:

UkðlsÞ ¼ ð1� �lkÞ þ 2�lkdð1� lsÞ ð2Þ

With the use of transport approximation, the RTE can be written in
the same way as that for isotropic scattering, i.e. with Uk � 1:

~XrIð~r; ~XÞ þ btrIð~r; ~XÞ ¼
rtr

4p

Z
ð4pÞ

Ið~r; ~XÞd~X ð3Þ

Hereafter, the subscript k is omitted for brevity. The transport
approximation has been widely used in radiative transfer calcula-
tions for many years. It has been confirmed that hemispherical
characteristics of a radiation field in highly scattering materials
are well described using this approximation [15,21]. The latter
makes the quantity rtr to be the most important scattering property
of the medium.

An axisymmetric problem for laser induced hyperthermia of a
superficial tumor is considered in the present paper. The problem
statement is based on the following assumptions:

- The axis of the computational region coincides with the normal
to a flat surface of a healthy body (without tumor). The laser
beam is directed along the axis of the computational region.

- The body surface is optically smooth. This allows the use of
Fresnel’s relations for reflection and refraction of the direct
and scattered laser radiation at the body surface. This assump-
tion may seem to be not realistic but this is compensated by a
significant volumetric scattering of the radiation by human
tissues.

- The gold nanoshells are embedded in a finite circular volume
around the tumor. This volume (particle cloud) is a small part
of the computational region. The volume fraction of gold nano-
shells can be an arbitrary function of radial and axial coordi-
nates but it is independent of time (this assumption can be
revised later).

- The tissue index of refraction is uniform in the computational
region. Strictly speaking, there is a spatial variation of the
refractive index in the real multi-layer tissue. This variation
can be taken into account in a modified version of the compu-
tational model. Note that correct description of the radiation
propagation in a medium with variable refractive index is a sig-
nificantly more complicated task even in the case of a one-
dimensional problem [22].

A solution for the directional component of the radiation inten-
sity appears to be not as simple as that for 1-D problem [10]
because of a relatively complex path of refracted and reflected
beam. To simplify the mathematics, we used an additional assump-
tion of a small angle between the current normal to the body sur-
face and the normal to the flat healthy body surface. The resulting
simplification is obvious: we can use the local 1-D solution for
the directional radiation component. As to the diffuse radiation
component, it can be determined using the well-known P1 approx-
imation. Note that the expected error of the P1 increases signifi-
cantly in 2-D problems with nonuniform spatial distribution of
the medium properties and the radiation power [15].

The schematic of the particular example problem for a skin can-
cer is presented in Fig. 1. A circular laser beam with a uniform dis-
tribution of the incident radiation power for 5 < r < 10 mm is
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considered. The radiative properties of tissues in the superficial
layers are specified in Table 1. Following Vera and Bayazitoglu
[11] the laser with wavelength of k ¼ 0:6328 lm was used so the
absorption coefficient and transport scattering coefficient of tis-
sues at this wavelength were taken from the literature [23–26].
Note that absorption and scattering coefficients of a composite
medium which can be treated as a matrix (host medium) contain-
ing a not too high volume fraction, fv, of small spherical particles of
the same radius a can be calculated using the following simple
relations [15]:

a ¼ at þ 0:75f v
Q a

a
; rtr ¼ rtr;t þ 0:75f v

Q tr
s

a
ð4Þ

where Qa and Q tr
s are the dimensionless efficiency factor of absorp-

tion and transport efficiency factor of scattering for single particles.
The first terms in relations (4) correspond to the host medium
whereas the second terms are the contributions due to embedded
particles. Following paper [10], we consider the following parame-
ters of gold-coated silica nanoshells:

a ¼ 20 nm; d ¼ 0:725; Q a ¼ 7:828; Q tr
s ¼ 1:144 ð5Þ

The above values of efficiency factors were calculated using the Mie
theory [27] at tissue index of refraction nt = 1.45. For simplicity, it is
assumed that volume fraction of gold nanoshells is uniform in the
‘‘particle cloud’’. In an example problem considered in this paper,
the particle cloud is positioned between radii 5 and 10 mm (just
opposite the laser beam) from the body surface to the plane
z = 4 mm (see Fig. 1). Note that irradiated area of the body surface
is equal to 236 mm2. It should be noted that an annular region of
irradiation can be formed by scanning the annulus with a relatively
narrow laser beam.

The shadow boundaries of the computational region are charac-
terized by a surface albedo. In other words, we should take into ac-

count the radiation scattered from the medium beyond the
computational region. The boundary conditions for Eq. (3) are:

At the body surface : Ið~r; ~X~nÞ
¼ Rfð~X~nÞIð~r;�~X~nÞ þ ð1� Rf Þqedð1� lÞ ~X~n > 0 ð6aÞ

At other surfaces : Ið~r;�~X~nÞ ¼ Rtð~X~nÞIð~r; ~X~nÞ ~X~n > 0 ð6bÞ

where qe is the incident radiative flux, Rf(l) is the Fresnel’s reflectiv-
ity [28]:

Rf ¼ ðRjj þ R?Þ=2 ð7aÞ

Rk ¼
l� nt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

t ð1� l2Þ
p

lþ nt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

t ð1� l2Þ
p

( )2

;

R? ¼
ntl�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

t ð1� l2Þ
p

ntlþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

t ð1� l2Þ
p

( )2

when l > lcr ð7bÞ

Rk ¼ R? ¼ 1 when l � lcr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1=n2

t

q
ð7cÞ

We assume here that the tissue index of absorption is relatively
small: jt < < nt. The value of Rf = 1 for l 6 lcr corresponds to the to-
tal internal reflection. The reflectivity Rt for the scattering tissue at
the other boundaries of the computational region will be deter-
mined below.

Following the usual technique, present the radiation intensity I
as a sum of the diffuse component J and the term, which corre-
sponds to the transmitted and reflected directional external
radiation:

I ¼ J þ 1� Rf;n

1� Rf ;nCtr
½Edð1� lÞ þ ðCtr=EÞdð1þ lÞ�qe ð8Þ

where Rf,n = Rf(1) and Rt,n = Rt(1) are the normal reflectivities and

E¼ expð�strÞ str ¼
Z z

0
btrdz; Ctr ¼ Rt;n expð�2s0

trÞ; s0
tr ¼

Z d

0
btrdz

ð9Þ

The mathematical problem statement for the diffuse component of
radiation intensity is as follows:

~XrJ þ btrJ ¼
rtr

4p
ðGþ FÞ; G ¼

Z
ð4pÞ

Jd~X;

F ¼ 1� Rf;n

1� Rf ;nCtr
ðEþ Ctr=EÞqe ð10Þ

At the body surface : Jð~r; ~X~nÞ ¼ Rfð~X~nÞJð~r;�~X~nÞ; ~X~n > 0

ð11aÞ

At other surfaces : Jð~r; ~X~nÞ ¼ Rtð~X~nÞJð~r;�~X~nÞ; ~X~n > 0 ð11bÞ

The spectral radiation power absorbed in the medium, W, is ex-
pressed as

W ¼ �r~q ¼ �
Z
ð4pÞ

~XrId~X ¼ aðGþ FÞ ð12Þ

As it was done in [10], we use the following equations for normal
reflectivities:

Rf ;n ¼
nt � 1
nt þ 1

� �2

Rt;n ¼
xe

tr

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�xe

tr

p� �
1þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�xe

tr

p� � ð13Þ

where xe
tr ¼ re

tr=b
e
tr is the transport albedo of a healthy tissue out-

side the computational region.
The above formulated problem for the diffuse component of the

radiation intensity is still very complex. Therefore, the first-order

z, m

r,
m

0 0.005 0.01 0.015 0.02

0.005

0.01

0.015

0.02

1--->.2 3 4 5

6

Fig. 1. Schematic of an axisymmetric computational region and FEM triangulation;
1, 2,. . ., 6 – the numbers of various tissues listed in Table 1.

Table 1
Radiative properties of tissues in the computational region.

Tissue
number

1 2 3 4 5 6

Tissue
name

Epidermis Papillary
dermis

Reticular
dermis

Fat Muscle Tumor

a, 1/mm 0.3 0.27 0.27 0.19 0.12 2.0
rtr, 1/mm 2.5 3.75 3.75 2.7 0.9 7.5
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approximation of the spherical harmonics method (P1) [15] is con-
sidered as a regular method to solve this problem. In this approx-
imation, the following linear presentation for the angular
dependence of radiation intensity is considered:

Jð~r; ~XÞ ¼ 1
4p
½Gð~rÞ þ 3~X~qð~rÞ� ð14Þ

Obviously, this model angular dependence of the diffuse radiation
intensity is not correct near the boundaries of the computational re-
gion. Nevertheless, it is known that P1 gives usually rather good re-
sults for the radiation flux divergence (the absorbed radiation
power), which is important for our problem. The latter statement
is true for the region part with a relatively high radiation power
density, but the error increases towards sub-regions with not so
high volumetric radiation power. Note that P1 approximation has
been characterized in recent review paper by Feng and Fuentes
[29] as a good approach for modeling laser-induced thermal ther-
apy. One should recall here a general computer code LATIS for la-
ser-tissue interaction modeling [30]. The Monte Carlo method is
mainly used in this code, but there is an ability to invoke P1 approx-
imation to avoid very time-consuming calculations. Note that the
general discrete ordinates method is also used in some papers to
calculate accurately radiative transfer in human tissues [31].

After some transformations, the following simple boundary va-
lue problem of P1 approximation can be obtained:

�rðDrGÞ þ aG ¼ rtrF ð15Þ

At the body surface : �Dð~nrGÞ ¼ cf

2
G ð16aÞ

At other surfaces : �Dð~nrGÞ ¼ ct

2
G ð16bÞ

where

D ¼ 1
3btr

; cf ¼
1� Rf ;n

1þ Rf ;n
; ct ¼

1� Rt;n

1þ Rt;n
ð17Þ

Note that the Marshak boundary conditions were used in the above
formulation.

It is not difficult to proceed to the variational formulation of the
problem (15) – (16) when the solution yields the minimum of the
following functional:

v ¼
Z

V

D
2
ðrGÞ2 þ a

2
G2 � rtrFG

� �
dV þ

Z
S

c
2

G2dS ð18Þ

The order of the differential operator in (18) is reduced by one com-
pared with (15). As a result, the transition to the variational formu-
lation is convenient for the use of finite-element method (FEM)
with not high local approximation order of the function to be found.
With the unified program blocks of FEM, the arrangement of com-
puter codes for the calculation of the multi-dimensional radiation
field is considerably simplified. The extensive possibilities of FEM
in the description of complex form regions with nonuniform prop-
erties of the medium provide the universality of the algorithm. In
accordance with the general FEM scheme, we will divide a compu-
tational region into sub-regions, or finite elements, and suppose
that the unknown function can be presented as a polynomial in
every element. For the sake of simplicity, only triangular elements
are considered (see Fig. 1) with linear approximation of the function
G in the element.

The computational region is rather large because we are going
to calculate transient heat transfer during a prolonged periodic la-
ser heating. As to the particular radiative transfer problem, it
would be sufficient to consider a part of the computational region.
This is explained by the rather high scattering of laser radiation in
human skin. Nevertheless, it was convenient to conduct all the cal-
culations using the same complete finite-element mesh.

The numerical results for the absorbed radiation power are pre-
sented in Fig. 2. One can see that the part of the laser radiation
power absorbed in a thin surface layer of the body is greater when
gold nanoshells are imbedded in the tissue. At the same time, the
two fields of the absorbed radiation power (with or without gold
nanoshells) are similar to each other. It means that the effect of
scattering towards the tumor appears to be insignificant even in
the case when there are no gold nanoshells in the body. This result
is explained by a very high transport scattering coefficient when
the multiple scattering of radiation in a thin surface layer leads
to the absorption of the radiation in the tissue even at low spectral
absorption coefficient. It follows that in this case an error of P1

approximation is negligibly small, and there is no need to verify
this approach in this particular situation, which is very close
to the 1-D radiative transfer problem. Note that the use of a non-
uniform computational grid with 3200 triangular elements ap-
peared to be sufficient even for radiative part of the problem

(a) (b) 
z, m

r,
m

0 0.002 0.004 0.006 0.0080

0.003

0.006

0.009

0.012

950
657
455
315
218
151
104
72
50

z, m

r,
m

0 0.002 0.004 0.006 0.0080

0.003

0.006

0.009

0.012

550
487
425
362
300
237
175
112
50

Fig. 2. Absorbed volumetric radiation power: a – with gold nanoshells, b – without gold nanoshells. The value per unit incident radiation flux (in m�1) is plotted.
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under consideration. It was confirmed by direct calculations with
the double number of grid intervals in every direction, i.e. by the
use of a similar grid with 12800 finite elements.

3. Transient heat transfer model

The energy transport in a biological system is usually expressed
by the so-called bioheat equation. The bioheat equation developed
by Pennes [32] is one of the earliest models for energy transport in
tissues. Pennes assumed that the arterial blood temperature, Tb, is
uniform throughout the tissue while the venous blood temperature
is equal to the local tissue temperature Tt. The resulting transient
energy equation is as follows:

qc
@Tt

@t
¼ rðkrTtÞ þ qbcbvbðTb � TtÞ þWm ð19Þ

where the second term on the right-hand side is responsible for the
heat transfer due to arterial blood perfusion of rate vb, and the last
term Wm is the metabolic heat generation within the tissue. A more
detailed model for heat transfer in human tissues should be based
on two coupled energy equations for the tissue and artery blood
with the spatial and time variation of arterial blood temperature
is taken into account in such a model [4,6]. In the present paper,
the following coupled energy equations similar to those described
in [4,6] are considered:

ð1� eaÞðqcÞt
@Tt

@t
¼ r½ð1� eaÞktrTt� þ hb;tðTb � TtÞ þ ð1� eaÞWm

þ 1� ea
ab

a

	 

W þWch ð20aÞ

eaðqcÞb
@Tb

@t
þ~ubrTb

� �
¼ r½eakbrTb� � hb;tðTb � TtÞ þ ea

ab

a
W

ð20bÞ

where ea is the volume fraction of arterial blood, ab is the spectral
absorption coefficient of arterial blood. The volumetric heat gener-
ation due to absorption of laser radiation is taken into account in
both energy equations. Of course, this heat is not uniformly ab-
sorbed in a composite medium characterized by the total absorp-
tion coefficient a. Therefore, the corresponding terms in Eqs. (20a)
and (20b) are different. It is important that the ratio ab/a is greater
in the case when there are no highly absorbing gold nanoshells in
ambient tissue. In this case, the radiative heat generation in arterial
blood may be considerably greater than that in the tissue. This ef-
fect is known, and it is used in selective thermal heating and dam-
age of blood by action of a pulsed laser radiation at wavelength
k ¼ 0:532 lm or 0.585 lm characterized by extremely high spectral
values of ab [33,34]. It is clear that the same effect of relatively
strong absorption of laser radiation takes place also for venous
blood. The latter may be a physical basis for more detailed three-
temperature heat transfer model with a third energy equation for
venous blood. This general model is not considered in the present
paper because we consider the wavelength k ¼ 0:6328 lm charac-
terized by minimum value of ab and more appropriate for the soft
thermal treatment.

The term Wch in Eq. (20a) takes into account the heat of endo-
thermic chemical conversions in human tissues and venous blood
during a strong hyperthermia. In the latter case, one can use the
following relation for this term:

Wch ¼ ð1� ea � evÞLt
@qt

@t
þ evLv

@qv

@t
ð21Þ

where ev is a volume fraction of venous blood (ev + ea = e), and Lt, Lv

are the specific thermal effects of chemical conversions in tissue
and venous blood. Strictly speaking, one can also consider the ther-
mal effect of filtration of some gaseous products of these chemical

conversions as it is usually considered in engineering problems
for thermal destruction of organic composite materials [35,36].
But we will not do it in our model for the soft thermal treatment.
Moreover, we will neglect the chemical term Wch because the val-
ues Lt and Lv are not known and the heating process is rather slow.
The latter enables us to assume that a contribution of endothermic
chemical conversions to the heat balance is relatively small. It does
not mean that we should not calculate time variation of the local
degree of chemical conversions because this value is one of the
main parameters of the thermal treatment.

The energy equations (20a,b) for arterial blood and other tissues
are based on a presentation of the real complex tissue as a two-
temperature continuous porous medium. It is assumed that there
are no big blood vessels in the computational region. As to arterial
blood velocity, it can be determined using additional Darcy-type
equation for filtration of the blood. In this paper, we do not con-
sider any variation of the arterial blood flow. Instead, the field of
this physical quantity, ~uð~rÞ, is assumed to be known. The fields of
eað~rÞ (the volume fraction of arterial blood) and hb;tð~rÞ (the volu-
metric heat transfer coefficient between arterial blood and ambi-
ent tissue) are also considered as input parameters of the
problem. These parameters depend on the fine structure of the
peripheral vascular system.

Neglecting the chemical conversion terms in Eq. (20a) and also
the variation of thermal and optical properties of a composite med-
ium with the degree of these conversions simplifies significantly
the problem statement. It appears to be sufficient to calculate the
chemical conversion parameters at every time moment after the
temperature field calculations. This can be done using the follow-
ing kinetic equations for thermal conversion of venous blood and
tissues:

@nb

@t
¼ ð1� nbÞNb Ab exp � Eb

RTt

� �
ð22aÞ

@nt

@t
¼ ð1� ntÞNt At exp � Et

RTt

� �
ð22bÞ

Following [37] we assume that the orders of chemical reactions in
Eq. (22) are equal to unity: Nb = Nt = 1. Introduced in 1947 [38,39],
the idea to quantify thermal damage, specifically for tissue, was
originally based on a first-order chemical reaction rate proposed
by Svante Arrhenius to characterize pathological transformation
from one state to another. However, available experimental data
suggest that there may be two transitional temperatures around
43 oC and 52 oC in the temperature range from 39 to 60 oC [29].
To overcome the weakness of the one-stage Arrhenius model de-
scribed above, other types of models have been proposed for ther-
mal damage of cells and tissues. One can find more details on this
subject in review paper by Feng and Fuentes [29]. The parameters
of advanced kinetic models for various tissues are not well known
at the moment. Therefore, the simplest kinetic relations (22) are
used in the present study.

It should be noted that thermal conductivity and especially the
radiative properties of a tissue containing damaged cells are ex-
pected to be different from those of healthy tissue and there are
some data in the literature on this subject [33,37,40]. Particularly,
the spectral absorption coefficient and transport scattering coeffi-
cient of a damaged tissue is usually much greater than the corre-
sponding properties of a healthy tissue [33,41,42]. It means that
a complete heat transfer model should include repeating calcula-
tions of the radiation field at every time step of the numerical solu-
tion for the transient problem. These nonlinear effects may lead to
considerable correction of the final results. Nevertheless, this anal-
ysis is not presented here because of the limited length of the jour-
nal paper. The authors are planning to undertake a computational
study of the above nonlinear effects in the nearest future.
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The initial and boundary conditions for Eq. (20a) are as follows:

t ¼ 0; T t ¼ Tt;iðz; rÞ ð23Þ

z ¼ 0; 0 < r < R1 or R2 < r < R; k
@Tt

@z
¼ h1ðTe;1 � TtÞ ð24aÞ

z ¼ 0; R1 < r < R2; k
@Tt

@z
¼ hwðTw � T tÞ ð24bÞ

r ¼ 0;
@Tt

@r
¼ 0 r ¼ R;

@Tt

@r
¼ 0 ð24cÞ

z ¼ H; k
@Tt

@z
¼ h2ðTe;2 � TtÞ ð24dÞ

The boundary condition (24a) is the natural convective heat transfer
with ambient air, the condition (24b) refers to the water cooling of
the body surface (using a transparent water jacket), the conditions
(24c) are the symmetry and adiabatic conditions, the condition
(24d) describes approximately the heat transfer from the internal
part of the body, which has a constant temperature Te,2. The initial
steady-state temperature profile Ti(z,r) in Eq. (23) is a solution to
the following boundary-value problem:

r½ð1� eÞktrTt;i� þ hb;tðTb � Tt;iÞ þ ð1� eÞWm ¼ 0 ð25Þ

z ¼ 0; k
dTt;i

dz
¼ h1ðTe � Tt;iÞ ð26aÞ

r ¼ 0;
@Tt;i

@r
¼ 0 r ¼ R;

@Tt;i

@r
¼ 0 ð26bÞ

z ¼ H; k
@Tt;i

@z
¼ h2ðTe;2 � Tt;iÞ ð26cÞ

Of course, there is no water cooling before the thermal treatment.
As to the boundary conditions for Eq. (20b) (for arterial blood),

these are slightly different at the body surface and at the boundary
with the rest massive body:

Tb ¼ Tt at the body surface ð27aÞ

Tb ¼ Te
b at z ¼ H ð27bÞ

In our calculations, we assume that Te
b ¼ Te;2 .

It should be noted that a realistic picture of the arterial blood
flow cannot be described adequately on the basis of the 2-D axi-
symmetric problem. To clarify this statement, consider the main
features of the vascular system in a typical superficial layer of a hu-
man body. One should distinguish five different zones of this
system:

- There are no blood vessels in the epidermis layer;
- The layers of dermis are characterized by a dense network of

fine blood vessels (capillaries). Both the axial and average radial
components of the blood velocity are equal to zero in this layer.

- The fat layer contains some blood vessels oriented approxi-
mately along the axis of our computational region. The arterial
blood flows towards the body surface in this layer and the axial
component of the blood velocity can be taken into account in
the above suggested model.

- The muscle layer contains comparatively large vessels. An aver-
age flow rate of arterial blood in this layer is much greater than
that in the dermis layers. The network of blood vessels can be
usually characterized by a definite direction along the body sur-
face. As for average radial velocity of arterial blood (in terms of
our computational model) it is equal to zero, as well as the axial
component of the blood velocity.

- The tumor region has an extremely dense network of randomly
oriented blood capillaries which averaged over all orientations
gives a zero velocity of arterial blood.

Therefore, the only nonzero contribution of the blood flow to
the convective term of Eq. (20b) is present in the fat layer. How-
ever, as the volume fraction of arterial blood is very small in this
layer, we will neglect the convective term in the example problem
considered below. At the same time, the volumetric heat transfer
between the arterial blood and ambient tissues in the dermis, fat
and muscle layers, and especially in the tumor cannot be ignored.
It is natural to assume that the value of hb,t is directly proportional
to the volume fraction of arterial blood in each of the above zones.

4. Results of heat transfer calculations

In the example problem, the conditions of the experimental
study by Çetingül and Herman [43,44] were used to determine a
steady-state temperature profile in the tissue without laser treat-
ment. According to the measurements of [43] the ambient temper-
ature and heat transfer coefficient were taken equal to Te = 22.5 oC
and h1 = 10 W/(m2 K). To calculate the heat flux from the body to
the surface layer, we used value of Te,2 = 37 oC and estimated value
of h2 = 50 W/(m2 K). Water cooling during radiation was imposed
at the irradiated surface between R1 = 5 mm and R2 = 10 mm with

Table 2
Thermal properties of tissues in the computational region.

Layer number 1 2 3 4 5 6
Tissue name Epidermis Papillary dermis Reticular dermis Fat Muscle Tumor

qt, kg/m3 1200 1200 1200 1000 1085 1030
ct, J/(kg K) 3589 3300 3300 2674 3800 3582
kt, W/(m K) 0.235 0.445 0.445 0.185 0.51 0.558
Wm, W/m3 0 368.1 368.1 368.3 684.2 9000
ea, % 0 0.15 0.96 0.07 2.0 6.5
xa, 10�3 s�1 0 0.2 1.3 0.1 2.7 6.3
hb,t, kW/(m3 K) N/A 0.79 5.15 0.27 11.13 23.24

Table 3
Thermal properties and spectral absorption coefficient of blood.

qt, kg/m3 ct, J/(kg K) ab, 1/mm (at k = 0.633 lm)

1060 3600 0.21

Table 4
Pre-exponential factor (Arrhenius’ constant) and activation energy
for cell destruction.

A, 1/s E, kJ/mol

Tissue 3.1 1098 628
Blood 7.6 1066 448
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Tw = 35 oC and hw = 103 W/(m2 K). For the case with embedded gold
nanoshells, we used the volume fraction fv = 10�6 .

The optical properties of the human tissues are specified in Ta-
ble 1 and thermal properties – in Table 2. The data for the absorp-
tion and transport scattering coefficients were taken from [23,45].
The data for the tissue density, specific heat capacity, thermal con-
ductivity, and metabolic heat generation power in healthy tissues
as well as dimensions of the skin sub layers were taken from
[43,44]. The metabolic heat generation in the tumor is not so def-
inite a parameter because it is almost inversely proportional to the
characteristic time of the tumor growth [46]. The value of Wm in
Table 2 was chosen to obtain a small overheating of the tumor re-
gion before the treatment.

In the example problem, we ignore the possible effect of in-
crease in thermal conductivity of human tissues due to the pres-
ence of gold nanoshells. Obvious estimates confirm that this
assumption is acceptable in the case when there is no abnormal
change in thermal conductivity reported in some recent papers
on nanofluids [47–52]. The latter problem is beyond the scope of
the present study.

A variation of the local blood perfusion with temperature stud-
ied in [53–56] was neglected in the present calculations. This effect
may be important in the case of a long-time thermal treatment and
could be studied at the next stage of the computational analysis of
the problem.

To calculate the coefficients of the radiation terms in energy Eq.
(20) one should know the spectral absorption coefficient of human
blood. This value was taken from [57]. Thermal and optical proper-
ties of blood used in the calculations are presented in Table 3. It
should be emphasized that absorption coefficient of blood depends
strongly on the radiation wavelength and may be much greater
than comparatively small value of ab used in the present paper
(see [57–60]). High values of ab may lead to strong local overheat-
ing of blood with respect to tissue. This effect is not desirable in
soft hyperthermia but it is widely used for the targeted thermal
treatment of blood in the case of some specific deceases [34,61].

According to [14,33] we use the Arrhenius law parameters (pre-
exponential factor and activation energy) specified in Table 4.
These parameters are used to estimate possible partial destruction
of both tissue and blood. According to [62] there are some impor-
tant conversions in tumor tissue at lower temperatures (about 40–
42 oC) when the cells are not destroyed but arterial blood cannot
supply sufficient oxygen to the tumor and some bonds in tumor

molecules are damaged. These processes can be also approxi-
mately described in terms of Arrhenius-type kinetic equations [62].
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Fig. 3. Steady-state temperature field in non-irradiated body (before the thermal treatment): a – human tissue, b – arterial blood.
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Fig. 5. Time variation of tissue temperature in the tumor center: a – with
embedded gold nanoshells, b – without gold nanoshells; 1 and 2 – numbers of the
heating regimes presented in Fig. 4.

L.A. Dombrovsky et al. / International Journal of Heat and Mass Transfer 55 (2012) 4688–4700 4695



Author's personal copy

Fig. 3 shows the computational results for a steady thermal
state of the superficial layers of the body. It can be seen that there

is a considerable rise of the tumor temperature due to metabolic
heat generation and that the arterial blood temperature is slightly
less that the temperature of the tissue in this region. This temper-
ature fields were used as the initial conditions for subsequent tran-
sient heat transfer calculations of the laser-induced hyperthermia
process.

Two possible regimes of a periodic laser heating have been con-
sidered (see Fig. 4). A perfect external thermal insulation of the tu-
mor surface was assumed to obtain more uniform temperature
field in the tumor. Two periodic time dependences of the incident
radiative flux were chosen to reach the desirable tumor tempera-
ture without strong overheating of the directly irradiated tissue.
These two regimes are characterized by slow time variations of
the incident radiative flux and the same total energy per one per-
iod of irradiation. This energy is equal to 0.142 J.

The results for time variation of the tissue temperature in a
point which is close to the center of the tumor (at a distance about
1 mm from the external tumor surface) for periodic regimes of irra-
diation are presented in Fig. 5. It can be seen that this temperature
is characterized by oscillations with a period of 200 s which is the
same for both regimes of laser irradiation shown in Fig 4. The cal-
culated tumor temperature is shown to be weakly sensitive to the
presence of gold nanoshells. It means that there is no need to
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Fig. 6. Degree of thermal destruction of tissue cells in the tumor center. The
designations see in Fig. 5.
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Fig. 7. Temperature field during thermal treatment by periodic laser irradiation according to regime 2 (Fig. 4). Calculations for the case of embedded gold nanoshells: a, b – at
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embed gold nanoshells into the human tissue around the tumor
while using the suggested indirect heating strategy.

As was expected the computational results for the value of nt

(Fig. 6) indicate that tumor cells are not destroyed during the cho-
sen soft treatment. As to the values of nb, they are much less than nt

and possible conversions in blood do not lead to destruction of the
cells.

Typical instantaneous temperature fields for the regime of com-
paratively slow heating (‘‘2’’ in Fig. 4) with embedded gold nano-
shells are presented in Fig. 7. The results for the tissue (Fig. 7a)
and for arterial blood (Fig. 7b) are obtained at one of the peaks of
laser irradiation (t = 35 min), while Fig. 7c and Fig. 7d show the
temperatures of the tissue and arterial blood obtained before the
next irradiation period (t = 36.7min). As can be expected, the tem-
perature fields at the peak of irradiation exhibit a small overheat-
ing region close to the irradiated surface. The maximum
temperature difference of tissue between this region and the cen-
ter of the tumor is about 3.5 oC. Rather high temperatures in the tu-
mor are reached due to thermal insulation of the tumor surface
which allows conducted from irradiated surface heat to remain
in the tumor and insignificant heat losses through the layer of fat
which is characterized by a relatively low thermal conductivity.

A small overheating of the circular superficial region around the
tumor can be also helpful to isolate the tumor from healthy skin
layers.

During non-heating period the heat is conducted towards the
tumor so just before the next irradiation period (Fig. 7c, d) the tu-
mor region becomes almost uniformly heated. From comparison of
the local temperatures of tissue (Fig. 7a, c) and arterial blood
(Fig. 7b, d) it can be seen that they are close to each other with
the tissue temperature slightly increased due to lower absorption
of radiation in blood. A local difference between the tissue and
arterial blood in the overheated ring could reach 1.8 oC at the mo-
ment of the peak of irradiation. However, the temperature differ-
ence at the centre of the tumor is less than 0.5 oC. It should be
noted that the temperature differences at the level of about one de-
gree may be important for hyperthermia treatment.

The temperature fields for the same regime and at the same in-
stants of time but for the case without embedded gold nanoshells
are presented in Fig. 8. In general these temperature fields are very
similar to those ones shown in Fig. 7. At the same time, the effect of
the hot ring around the tumor is not so pronounced. So, one can
use the gold nanoshells to reach this effect if necessary. As in the
calculations with nanoshells, the temperature field in the tumor
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Fig. 8. Temperature field during thermal treatment by periodic laser irradiation according to regime 2 (Fig. 4). Calculations for the case without embedded gold nanoshells.
Designations see in Fig. 7.

L.A. Dombrovsky et al. / International Journal of Heat and Mass Transfer 55 (2012) 4688–4700 4697



Author's personal copy

region is almost uniform. This supports the above statement that
embedding of gold nanoshells around the tumor is not always
necessary.

In order to compare the temperature fields for two heating re-
gimes for the case without embedded gold nanoshells the results
for faster heating regime (‘‘1’’, Fig. 4) are presented in Fig. 9. As ex-
pected, the hot ring around the tumor is more prominent in this re-
gime which means that this effect can be regulated by duration of
the heating period. For both regimes the difference between the
temperatures of tissue and blood is slightly less than in the case
of embedded nanoshells.

Thus, in the case of a relatively slow laser-induced heating in
the spectral range of low absorption of the radiation by blood, a
simplified one-temperature model for approximate heat transfer
calculations can be employed.

It should be noted that the proposed indirect heating strategy is
more flexible as compared with the ordinary procedures because of
many additional geometric and heat transfer parameters that can
be used. Therefore, various required thermal regimes can be real-
ized in medical practice. To our mind, a thermal model can be ex-
tended by a special analysis of the pain which depends not only on
the local temperature level but also on the duration of heating per-

iod. Obviously, it is only one of possible further directions of stud-
ies based on the predicted transient temperature field in the body.

A validation of the developed computational model is an impor-
tant task which is beyond the scope of the present paper. Most
likely, the validation should be based mainly on temperature mea-
surements (not only at the body surface but also at some selected
points inside the tumor) [29].

5. Conclusions

A novel heating strategy for hyperthermia based on laser irradi-
ation of the tissues surrounding a tumor is proposed and analyzed
for the first time. The situations with and without gold nanoshells
embedded in a human tissue are considered in detail. The proposed
indirect heating strategy has some important advantages as com-
pared with the ordinary direct laser irradiation of tumors: (1) the
procedure is much more flexible due to additional parameters
which enable to arrange more uniform heating and ‘‘choke’’ of the
tumor laterally instead of the front heating, (2) one may be able
to avoid or decrease undesirable local changes in arterial blood per-
fusion during soft thermal treatment, (3) the pain associated with
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Fig. 9. Temperature field during thermal treatment by periodic laser irradiation according to regime 1 (Fig. 4). Calculations for the case without embedded gold nanoshells.
Designations see in Fig. 7.
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the procedure may be reduced by water cooling of the irradiated
body surface and appropriate choice of irradiation parameters.

An advanced two-dimensional computational model for the
indirect heating strategy has been developed. This model includes
the laser radiation transfer in absorbing and anisotropically scat-
tering tissues, the transient heat transfer in a human body taking
into account the temperature difference between arterial blood
and ambient tissues, and the kinetics of thermal damage of the tu-
mor tissue cells.

An example problem for a superficial human cancer was solved
numerically to understand a relative role of the problem parame-
ters on the transient temperature field and to consider possible
simplifications of the computational model. For a particular case
of a prolonged soft thermal treatment of a superficial tumor, the
temperature difference between arterial blood and ambient tissues
appears to be insignificant, and the transient thermal state of the
tumor can be approximately predicted on the basis of a one-
temperature model. Further simplification of the computational
model can be made due to very strong scattering of the laser radi-
ation in superficial layers of the skin which allows the use of a one-
dimensional solution for the radiative transfer problem.

Thermal calculations for a periodic laser irradiation showed that
the required uniform heating of the tumor can be achieved for
some superficial tumors even without gold nanoshells or other
invasive procedures. This result may have important implications
for medical practice.
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